
We're following Godement chapter3. Sections 627 .

G = Glz /number fieldk

Supposewehave forall places a
• To irreducible admissible rep of eocdtleokedgeb.FR#
suchthat it

,
containsthe identityrepofko for almost all É

• ✗ character of 1AÉ/k×
✗ = IT Xo

,
Xo character of Kj

,
unramifiedfordmostdlo

0

Define

↳ (X .
s) = 1T¥ (✗→s) formally !

(there's no it yet)
0

The local factors L.to are described inthe previous chapters
of Godevent's book : s'=2s - I
1 if u is non - arch& itoissuperaespidol
Lfa -Xo , s') ifoisnon-archslito-n-m.no , µ G) -1×1
LCV -Xo

,

s
') if visnon-orcholito-itpe.i.pe 1×1=1×1

"H.ge#.,syy,.xo.syig.isnon.anh&*.=gu.,pn.uapaeI-.series

L( µ -Xo ,s
') Ll) -Xo , d) ifoarohslito-itp.no principalseries

r - s
'
-t

Tfs
'

+t - r) if u arch &ño=oµ , ] discreteseries

µ /x) =/✗It , ✗G) = 1×1
'



Let s = finite set of places ] { archimedean places}
andsuch that for all acts :

• it
,
contains the identity representation of Ko

• Ker few) = Oh
,

Write (a) =men
,

• ✗
•
is unramified . 9 =#Cho/mad

Then it
,
= it
µ ,]
is principal series and

L.io (Xo , s) =L ( pi -Yo , 5) LG
- Xu

,
s
')

=

É
•

1-
1-¥ (a) g-st

If we assume that Ito is a preunitary representation of Ho ,
then / µ (a) / = g-

"" & 1) (E)1--9%1-2
,

0£get

so

↳ (X >
s) = IT ( . . . ) . IT 4-✗• (a) g- s

'
-¥11-✗• (a)g-s¥j

'

uE#

finiteproduct I%gÉ
Note also that for a ¢ s we have

Exo (Xo , s) = 1
.

This means that we get afowte product
E.e- (X ,

s) = IT Esto (Xo . s) = IT Eitofxo , s)
O OES



Recall : unitary representation of GGA) on LiftedG (A) , w) .
If it is an irreducible component, for eachplaceu we denote

byto the corresponding irreducible admissible rep ofNo .

This matches the previous setup ,so for any
char ✗ofA-%✗

we had LCX , s) defined for Recs)→ 0.
I

theorem4-s.ly (X ,
s) is entire

,

bounded in every
verticalstrip ,

and satisfies the functional equation
↳ (X ,

s) = Ex (X , s)↳ (w - X , I - s) .

Compare : for a Hecke L- function wehave
L (X ,

s) = IT L (Xo
,
s)

o

functional
equation : L (x, s) = Efx , s) L (X"

,
I- s)

.



Thursdaytsraay : following closely section 7, chap
3

in Godemeet
- (WÉ|ko=m↳•npa

Wo C-W (a) with Wu =WE for almostallow
(g) = ITWo (g) C-Whitaker spaceof the rep ④ to

o

of globalHecke algebra Ha .

⇒ 3-K-finite functionys.lyG) = -2 w¢ ?%)
3 c- k×

Leg (g :X , s)=/ y g)✗G)- ' 1×1"
-

'd's
A-Yei

Notethat :

• y ((⇒g) is rapidly decreasing as 1×1→ •
• all %) -→ ( :

"

É :b) -- waited:b)
= wa-yet I 11%1 g) = a t÷D-

C- God
as w is unitary

so y ((E) g) is rapidlydecreasing as 1×1→ 0 .

⇒ Ly (g; X , s) is entire and bounded on
vertical
strips .



Lylg ;Ks) =/ §wk! :/ (¥)g)
- ' 1×12"d××

☒Yq✗
}Ek×

= ) w/(E) g) ✗ (g)
- '

ly/
""

dig
* Coherethis integral converged

W (( 9) g) is rapidlydecreasing as 1×1→ • andbounded
(b/c it's a Fourier coeffofa cusp form)

so theeast integral converges for Recs) >>on

A-
✗
= U IAF = U Thi ✗ ITOI.
Tfiwite Tfiule OET o¢T

Lycg ; ✗ is)=b=÷ fw(@ 9)g)✗ (g)
"

Iyl
"- '

day
A-I

=eim→ ITfw.CI?)go)XoCy5'lylis-'d'yToETko
• ITS Wolff?) g.) Xoly)

"

/ yhi"d×yoctt

Oei
.



For aeargeenoughsetofplacestwehooe
Wo((1%0)=1 forolloctt

✗
• (g) = I

adallyc-qj.ly/o--I

%

↳ (g;X,s)=lim/TLwo( go ;Xo,s)
T oET

But

two (go ; Xu > s) = ↳ (Xu ,s) fordlbutfouitdymouyo
"d

ITL ,%(Xo,s) converges for Recs)>> 0 .

o

⇒ ↳ (g:X ,s)=ÑLwo(go ;Xo,s) Sorrels)⇒o
0

Can choose wafer allo so thatdassificdodnoflocdhw.leixo.st-L.a.cxo.gl?I!:I!I?and arch . cases
,

I together withthe
identity description ofthe
element wnranified case .

ofthe group



So for Recs) →0 wehave

↳ IX.D= I↳ (Xo ,D=!T↳(e; Xu ,D= Lyle ;X , s)
-

entire andbounded

onveoticdstripsThisgevestvedesiredandy@oFofLn-tx.s
.

Forthefwnd-bndequotf.vehave

¥Y = ñLw•lsi.

:.a¥g÷÷Eao. area
and Ly_É✗ =:↳ (w-X, 1-s)

eocd →

functional = IT ↳(Xo,s){¥;§;¥
eq . o

= a- (xD t¥?¥-
Finally :

Ly fog ; w-Xi -D= / 4¢:?)•g) w- '✗G) 1×1
"

"d××
*he



ylw-ih-yCQ-i.ly/w-I:-Y?..-.:ws)xc-i1xFsd*x
*Yei

= f y l 9) g) ✗G) 1×1
'

"d××

Mei
y=×
= f p ( ( I 9) g) ✗ (g)

"

Iyl
""

dig
A-Yei
= Ly (g ; ✗ is)

we conclude that

↳ (Xis) = at this)↳ (w-X , I - s)
.


