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Recall : k number field G = GL

L :(GCMGHAI , w) c LTG ledIGGAI , w)
cuspidol functions , f
Action of Cc (GAA)) on L! (GCMGCIA , w)

Tw(f) y G) = ! fly) yay) dy
theorem : For

any f EG (GAA)), Tw(f) is a compact
operator on LE (GCk)lGUA) , w) .

Corollary : The unitaryrep of G GA) on Lf (GANGHAD)discrete

decomposes into a Hilbert spae#sum of top .

irreducible reps , each occurringwith founder

mug: noears

(Bini: theorems . 3.z) neogatabogfsepwab.at
Proof : Define

-2 = { S = a set of mutuallyorthogonal irred
GAA) - submodules of ↳ (GfdlGEA) ,w)}

partially ordered by inclusion .

Zorn ⇒ Zmaximal elements .



Smaxiwrod

Let cbetheorthogonolcowpleweutof-OV.CL:( . . .)
UES

claim.

. Supposenot , gcg
') (g) fgEGH)let OFYEC .

Choose fEq(GAA)) suchthottw (f) is self-adjoint
and Tulf)y # O .

Write T=Tw(f) for short .andnonteoo
SinceThis compact,Ty SpectralTheorem ithas
atleast one nonzero eigenvalue d .
let LCC bethe d - eigenspace ; dim LL

-0
.

btLocLbeminimia@w.r.t .=LnW
*WCC

,
WGGA)- inv .
Subspace .let

W claim :visifafd.IE?auewnL==LoCthiscontradictsthegns?'m
suppose vi%CA-ivoouwt.fi d£iFt
Pick 0 # foElo O Yi Eui

Tye. - dy ; Evi , i -_ 1,2

(Ty , -dy ,)t(Tyz-d4z)=Tyo-dy . =D
--

EV , Eve contradicts
⇒ Ty ,

=D y , &Tyz=dyz f-hw

WLOG 4 ,
# O y , ELNV , =L, V

Wnek

D



② local decompositionof irreps of GGA)
(Bump : Tensor product theorem ,Then 3. 3.3)
theorem: If g is an admissible irreducible

unitary rep of Gund , then g canbe decomposed
uniquely unto

5
=

go .

So irrep ofGoro) .

The setup- '

- G =Gls
For each place o, hooe
Go = G (ko)

,
Ko = G (Oko) for a fine

Gwen (go ,Ho) irred . unitary rep of Gooeywith go admissible (multiplicityof any irrepof Ko
un gotko is fine ; writeHolOo7-isotypicdaowp@pposezeoCid1toforolmostaeeo.JMSoko)
¥E%doors 3 ! C-Host . go 33--3:
Define a rep g = go of GAA) by

thtko

⑤ go Go)3o = go (SoCal%)


